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Abstract 



CO ■ We prove some new Strichartz estimates for a class of dispersive equations with radial 

initial data. In particular, we obtain up to some endpoints the full radial Strichartz estimates 

n , . for the Schrodinger equation. The ideas of proof are based on Shao's ideas [37] and some ideas 

.^ I in [IS] to treat the non-homogeneous case, while at the endpoint we need to use subtle tools 

to overcome some logarithmic divergence. We also apply the improved Strichartz estimates 
to the nonlinear problems. First, we prove the small data scattering and large data LWP 
C^ . for the nonlinear Schrodinger equation with radial critical H^ initial data below L? ; Second, 

for radial data we improve the results of the iJ' x H^^^ well-posedness for the nonlinear 
wave equation in 33 ; Finally, we obtain the well-posedness theory for the fractional order 

^_ Schrodinger equation in the radial case. 

►^ . Keywords: Strichartz estimates, radial data, nonlinear Schrodinger equation, nonlinear 

^^ ' wave equation 

(N 

1 Introduction 

O. 

^P ■ In this paper, we study the Cauchy problems for a class of dispersive equations which are of the 

following type: 



idtu = -(|){^/^A)u + f, u{0,x) = uo{x), (1.1) 

where (/> : M^ — )• M is smooth away from origin, u{t, x) : M x R" — )• C, n > 2 is the unknown 
function, f(t,x) is the given function (e.g. / = \u\Pu in the nonlinear setting) and </>(-v/— A)ti = 
^~^(j){\^\)J^u. Here J^ denotes the spatial Fourier transform, and </'(|'^|) is usually referred 
as the dispersion relation of equation (jl.ip . Many dispersive equations reduce to this type, 
for instance, the Schrodinger equation (0(r) = r^), the wave equation {(j){r) = r), the Klein- 
Gordon equation ((/>(r) = vl + r^), the beam equation ((/>(r) = vl + r^), and the fourth-order 
Schrodinger equation (</>(r) = r'^ + r^). 

In the pioneered work [39j, Strichartz derived the priori estimates of the solution to (jl.ip in 
space-time norm L^L^ by proving some Fourier restriction inequality. Later, his results was 
improved via a dispersive estimate and duality argument (cf. [20] and references therein). The 
dispersive estimate 

||e**^(v^)no|U<ir'll«o||x' (1.2) 



plays a crucial role, where X' is the dual space of X. Applying ()1.2p . together with a standard 
argument (cf. [20]), we can immediately get the Strichartz estimates. For instance, one can see 
from the explicit formula of the free Schrodinger solution that 

||_JtA„, II ^|j.|— n/2 ||„, II 
e Un\\ Too ^ t ' tin r 1 • 

In [15], the authors systematically studied the dispersive estimates for (jl.ip by imposing some 
asymptotic conditions on (p. 



As was explained in [2D], the full range of the non-retarded Strichartz estimates for the 
Schrodinger equation were completely known, while that of the retarded estimates remain open. 
Surprisingly, if the initial data uq is radial, Shao [27j showed that the frequency localized non- 
retarded Strichartz estimates for the Schrodinger equation allow a wider range. For example, it 
was proved that 

||e'*^Pfcno||r. (Rn+i) < C2^'^-'^^''\\uo\\2 (1.3) 



^t,x\ 



hold if g > 2n-'i ^^^ ^0 is radial. The proof relies deeply on the radial assumption which 
eliminates the bad- type evolution in the non-radial case (e.g. the Knapp counter-example). 
Similar results hold for the wave equation, see [28j. It is easy to see that equation (jl.ip is 
rotational- invariant, thus it is natural to ask whether one can get better Strichartz estimates for 
the radial initial data than that derived from the dispersive estimate. 



The purposes of this paper are: first, to obtain the sharp range of the type (|1.3p for the 
improved Strichartz estimates for equation (jl.ip by using Shao's ideas [27] and the ideas in 
[15] . Indeed, we will simplify some proofs and overcome the difficulty caused by the lack of 
scaling invariance by adapting some ideas in [15], moreover, we will prove that (jl.Sp actually 
holds for q = 2n-i ^^ dealing carefully with some logarithmic divergence; second, to apply 
the improved Strichartz estimates to the nonlinear equations, including nonlinear Schrodinger 
equation, nonlinear wave equation, and nonlinear fractional-order Schrodinger equation. In order 
to apply to the nonlinear problems, we will use the Christ-Kiselev lemma to derive the retarded 
estimates from the non-retarded estimates. For example, consider the nonlinear Schrodinger 
equation 

iut + A.U = fi\u\^u, u{0,x) = uo{x), 

the well-posedness theory of which were deeply studied during the past decades. We remark 
that the threshold of the regularity in H^ for the strong well-posedness is s > max(0, Sc), where 
Sc is the scaling critical regularity, even in the case that L^ is subcritical in the sense of scaling. 
This can be seen from the Galilean invariance (see [21 [6]) 

u{t, x) -^ e-'\y\''^+'y''u{t, X - 2ty), y G M*^. 

However, it is easy to see that the radial assumption breaks down the Galilean invariance. Thus 
it is natural to expect that one may go below L^ in the radial case. This is indeed the case, 
which will be discussed in details in Section 4. 



In this paper, we consider the same class of (p as in [15]. In order to study the non-homogeneous 
case (e.g. Klein-Gordon equation), we treat the high frequency and the low frequency in different 
scales. As in }15j . we will assume (j) '■ ^~^ — t- M is smooth and satisfies some of the following 
conditions: 

(HI) There exists rn-i > 0, such that for any a > 2 and a G N, 

|(/)'(r)| ~ r"i-i and |</>(")(r)| < r*"!"", r > 1. 



(H2) There exists ?7i2 > 0, such that for any a > 2 and a G N, 

\(f>'(r)\ ~ r"2-i and \4)^°'\r)\ < r'"^-", < r < 1. 

(H3) There exists ai, such that 

\<P'\r)\ r^r""^-^ r> 1. 

(H4) there exists Q2, such that 

\(j)"{r)\ ~r"2-2 0<r < 1. 

Remark 1.1. Heuristically, (HI) and (H3) reflect the dispersive effect in high frequency. If (j) 
satisfies (HI) and (H3), then ai < mi. Similarly, dispersive effect in low frequency is described 
by (H2) and (H4). If (f) satisfies (H2) and (H4), then Q2 > m2- The special case a2 = m2 
happens in the most of time. 

For convenience, given ?TT,i,m,2,ai,a2 G M as in (H1)-(H4), we denote 

Jmi, for A; > 0, Jai, for A; > 0, 

m{k) = < and a{k) = < . , n ^^'^^ 

I m,2, tor A; < (J; I 02, tor A; < U. 

Now we are ready to state our first result: 

Theorem 1.2. Suppose n > 2, A; G Z, </> : M+ — )■ M is smooth away from, origin, and uq is 
spherically symmetric. If (p satisfies (HI) and (H2), then for ^^ < g < 00 we have 

||5<^(t)PfcUo||L^j]Rn+i) <2^2 , ^lluolb, (1.5) 

Furthermore, if 4> also satisfies (H3) and (H4), then for 2n-i ^ q ^ Q we have 

lie ^+\D II ^r,(t- ""^'"''°' )fe+(z-j-)('»(fc)-Q(fc))fe|i II n c^ 

||50(t)PfeUo||L9^(Mn+l)<2^2 ■? ' ^4 2,A W W; ll^^ll^^ ^l_g) 



where m{k),a{k) are given by (jl.4p . and P^ zs i/ie Littlewood-Paley projector, S(j,{t) = e**'?^(v-A) 
zs i/ie dispersive group, which will be defined later. Moreover, the range of q is optimal in the 
sense that (fT3|) fails if q < ^ and (fL6]l fails if q < |^- 

For the Schrodinger equation, (/)(r) = r^ and satisfies (H1)-(H4) with m{k) = a{k) = 2, then 
it follows immediately from Theorem 1 1 . 2 1 that 

Corollary 1.3. Assume n > 2, A; G Z, 2n-i — 'i — °°- "^f^^i^ there exists C > such that for 
uq G L'^(W^) and uq is spherically symmetric, one has 



||e**^Pfeno||i. jsn+i) < C2(5 V)^||no||2, (1.7) 

and the range of q is optimal in the sense that ()1.7p fails if q < 2n-i ■ 

Remark 1.4. Shao [2^ proved ()1.7p for q > 2n-i - ^'-'^ ^^^ wave equation, (f){r) = r and satisfies 
(H1)-(H2) with m{k) = 1, then (jl.Sp reduces to the one given in [28j. Interestingly, the range 
q > ^^Ti is optimal for the wave equation. It is worth noting that ii q > ^rj" , (|1.5p gives better 
bound than ()1.6p since A;[m(A;) — a{k)] > in view of Remark 1 1.1 1 
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Figure 1: Range of {q,r) for ()1.8I 



We will apply Theorem 11.21 to some concrete equations. Then using Christ-Kiselev lemma, we 
get the retarded Strichartz estimates. In view of the classical Strichartz estimates, it is natural 
to ask the sharp range of the mixed Strichartz estimates: 

||5<^(t)Pfc^o||L^Lj(Rn+i) < C(^)||«0||2- 

For this purpose, we restrict ourselves to the simple case (/>(r) = r"", a > 0, namely, we consider 
the following estimates 



-Pfc/||L«L-(MxR") < C2 2 9 



li 



|L2(M"), 

where D = \/— A, a > 0. In this case, we have scaling invariance, thus the proof is less 
complicated but still can be adapted to the general case. We prove the following: 

Theorem 1.5. (a) Assume a = 1 and n > 3. (jl.Sp hold for all radial functions f G L^(M") if 
and only if 

1 71 — 1 71 — 1 

(q, r) = (00, 2) or 2 < q < 00, — I < . 

q r 2 

(b) Assume < a 7^ 1 and n > 2. (jl.8|) hold for all radial functions f G L 



"ifian^ 



^f 



An + 2 2 2n 

< g < 00,- H 

in — 1 q 
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<7i or 2 < q < , — I 
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On the other hand, ([TH]) fail if q > 2 or ^ + ^^ > 71 ^ 



2- 



Remark 1.6. The range of {q,r) is indicated in Figure 1, where B = ( 2n-2 ' l)' ^ ~ ( 2n-2 ' ^)' 
D = (^,^), B' = (l^,i), C = (1^,1), D' = (i-i,|^). Th; results for the" wave 
equation (a = 1) are not new. The positive results were due to [Ml EH EHl [II]- The counter- 
example was given in |18j . 



On the other hand, for the Schrodinger equation, the results seem to be new. We see that the 
picture is almost complete, except that the segment C'D' is unknown. In view of the positive 
results on the segment D'E', we conjecture that (jl.Sp holds on the segment CD', which is 
equivalent to the following 

Conjecture 1.7. Assume n >2 and < a 7^ 1. Then 

l|e^*^>o/|| 



4ra-2 



UR") 



< c'II/IIl2(ir")) 



:i.9) 



holds for all radial function f G L^(M"). 



This is very similar to the endpoint Strichart estimates in the non-radial case that was studied 
in [20]. As is expected, (|1.9|) is just "logarithmically far" to be proved. Indeed, we have for any 

||e^*^>o/|| , ^ . < C||/||^.(r). 



r2r,^n-a I 



gx{|xh2:;}) 



However, we can not adapt the method on D'E' to overcome this logarithmical divergence. See 
Remark 12. 141 below for more discussions on (|1.9|) . 

Using these Strichartz estimates, we study the nonlinear problems and prove some new results. 
For example, for the nonlinear Schrodinger equation, we prove the following 

Theorem 1.8. Assume n > 2, < p < 4:/n, Ssch = f ~ "? 2n+i — ^^ch < 0, and uq is radial. 
V W'fJ'oW H^'sch ^ ^ f'^'"' some 5 <^1, then there exists a unique global solution u to 

iut + IS.u = ^\uY'u^ m(0, x) = no(x), 

where /i = ±1, such that u G C(IR : H''^^'^'') n L^,J.'^ (M x M"). Moreover, there exist u± G i/^^ch 
such that \\u — S{t)u±\\^s^^^ —^0, as t ^ ±00. 

The index 2n-i ^^ sharp for the critical GWP by our methods. We actually obtain more 
results, see Theorem 14.21 below. For the nonlinear wave equation, we prove the following 

Theorem 1.9. Assume n > 2, < p < :^^, s^ = ^ — -, ^ < Su, < 1/2, and uq is radial. If 
ll^oll/fsu, + ||mi||^s^,_i < 5 for some 6 <^ 1, then there exists a unique global solution u to 

duu-Au = p\u\Pu, (t,x)GM"+\ 
tf(0) = no(x), ut{0) = ui{x), 



where p = ±1, such that u G C(M : H'^) D C^(M : F^»-i) n LJ^"^"'" (M x M"), and there exist 
{u±,v±) G iJ'^™ X ij^^-i such that \\u- W'{t)u±\\fjs^ + \\ut - W{t)v±\\^s^-i -^0, as t ^ ±00. 

Our results also hold for general nonlinearity, e.g. F{u) with F satisfying some conditions 
such as ()4.6ip . In [26], Lindblad and Sogge studied the semilinear wave equation with the same 
nonlinearity but with general non-radial initial data. For example, for the nonlinearity \u\p they 
proved small data scattering in ij* xi^*~^ with s = ^ — — Up > ^^, and local well-posedness if 
s > s{p, n) for some s{p, n). Thus we see that their results covered the case Sw > 1/2 in Theorem 
11.91 which is the main reason why we restrict ourselves to the case Syj < 1/2. In the same paper 
[26], the authors actually showed that their results are sharp by constructing some counter- 
examples. However, the counter-examples for Sw < 1/2 don't work for the radial case. Our 
results in Theorem 11.91 showed that in the radial case one can improve their results. Actually, 
we find a critical regularity in the radial case so(n) < 2;^, which we will discuss in details in 
Theorem 14.61 In Section [Jl we also study nonlinear fractional order Schrodinger equation, and 
establish the well-posedness theory in the radial case. We do not repeat the theorem here, but 
refer to Theorem 14. 101 below. 

The fact that better well-posedness results hold in the radial case was observed before, see 
[341 llOj. [161 117). Our results generalize these results. In the non-radial case, with additional 
angular regularity, one can also go below L^, see [101 119) and the references therein. Actually, 
the results in [lOj for the Schrodinger equation are more generalized than ours but with different 
resolution space. Our results for local well-posedness hold without change for the inhomogeneous 



data uq G H^ (see Remark I4.4p . It is then natural to ask whether ()1.7p and (jl.Sp hold for non- 
radial functions with certain angular regularity. 

Throughout this paper, C > 1 and c < 1 will denote positive universal constants, which can 
be different at different places. A < B means that A < CB, and A ^ B stands for A < B and 
B < A. We use /(^) and ^{f) to denote the spatial Fourier transform of / on W^ defined by 



/(O = / /(x)e— «dx. 



We denote by p' the dual number of p G [1, oo], i.e., 1/p + 1/p' = 1. Let ^{x) : M — )• [0, 1] be a 
non-negative, smooth even function such that supp<^ C {re : |x| < 2}, and ^{x) = 1, if |rE| < 1. 
Let 'iIj{x) = ^{x) — <l>(2x), and P^ be the Littlewood-Paley projector for fc G Z, namely 

Pkf = ^-V(2-'iei)^/, P<of = ^-'HlCD^f. 

We denote by Sfj,{t) the evolution group related to (jl.ip . defined as 



We will use Lebesgue spaces LP := LP(M"), || • ||p := || • \\lp. and the space-time norm LfL^^ of / 
on R X $7 by 

ll/(*.^)llL?LJ(Mxf7) = \\fit,x)\\Lr{n) ^,^^, 

where fi C M". When q = r, we abbreviate it by LJ^{M. x Q). 

The rest of this paper is organized as follows. In Section 2, we prove Theorem 1 1.2[ In Section 
3 we present the applications of Theorem ll.2l to some concrete equations. In Section 4, we apply 
the improved Strichartz estimates to the nonlinear problems. 

2 Proof of Theorem 11.21 and Theroem 11.51 

First we prove Theorem 11.21 We will adapt some ideas in [15j and Shao's ideas [27]. However, 
there is a new difficulty for the endpoint case q = 2n-i ™ (|l-6p due to some logarithmic di- 
vergence. Fortunately enough, this logarithmic divergence can be overcome by using a subtle 
tool: double weight Hardy-Littlewood-Sobolev inequality. On the other hand, the logarithmic 
divergence for the endpoint q = ^^^ in (jl.Sp is essential. We present the proof by the following 
three steps: 

Step 1. Non-endpoint: g > ^ in (USD, q > |^ in (fTUD . 

For j £ Z, denote 

Aj := {x G M" : 2^'^ < \x\ < 2^}, Ij = [2^-^,2^). 

Fixing k £ Z, we decompose \\S(f,{t)AkUQ{x)\\i^i ^xK") and get 

= X] \\^'p(^)^kUo\\Ll^(RxAj)+ X] \\^<t>(^)^kUo\\LlJRxA,)- (2-10) 
j+k<l j+k>2 



The main tasks reduce to estimate \\S(j,(t)PkUo\\i'i r^xA-)- I* is easy to see that S,f,{t)PkUo is 
sphericahy symmetric in space if uq is radial. Thus we can rewrite it in an integral form related 
to the Bessel function. The two parts j + k < 1 and j + k > 2 exploit different properties of the 
Bessel function. We give the estimates of the two parts in the following two propositions. 

Proposition 2.1. Assume uq G L^(M"), uq is radial, and (p satisfies (HI) and (H2). Then if 
k,j & 7j with j + k < 1 and 2 < q < oo, we have 

||5<^(t)Pfcno(x)||i,^(KxA,)<2^2(^ . >^\\PkUo\\L^, (2.11) 

where m(k) is given by (|1.4p . 

Proposition 2.2. Assume uq £ L^(M"), uq is radial, and (j) satisfies (HI) and (H2). Then if 
k,j E Z with j + k >2 and 2 < q < oo, we have 

I n n—1 \ • (1 _ m(k) s , 

\\S4t)PkUo{x)\\Li^^^xA,)<^^'' ~^'2(" . ^llPkUoh^. (2.12) 

Furthermore, if (j) also satisfies (H3) and (H4), then for 2 < q < 6 

, 2n + l 2n-lN- ^ -3m(fc)+a(fc) + l , m(fc) -ct(fc) + l ^ ,„ 

\\S4t)PkUo{x)hl^^^xA^) <2^^^ -^>'2^ ^ + ^ ^'\\PkUo\\L2, (2.13) 

where m{k),a{k) is given by (|1.4p . 

We postpone the proofs of Proposition 12.11 and Proposition 12.21 and first use them to complete 
the proof of Theorem 11.21 in the non-endpoint case. 

Proof of Theorem 11.21 (non endpoint). We may assume q < oo. Assume first that (f) satis- 
fies (HI) and (H2). From ()2.10p . Proposition 12. II and Proposition 12.21 we get 

nj / n m(k) x , 



2 9 2^2 q I \\PkUo\\L2 

j+k<l 
j+k>2 



,n m(k) riNi, 

<2(2 -IT ^'''WPkUoh^, 

since q > :p^ then - — ^^^ < 0. Thus (jl.Sp is proved. Now we assume cfi also satisfies (H3) and 
(H4), then 

Enj ( n _ m(k) \ , 
2.2^2 , ^^||P,,nok2 

j+k<l 

r — ^ / 2n + l 2n--l\- / -3m(fc) + a(fc) + l m{k)-a(k) + \ ^,^ 

+ ^ 2^ 2, 4 ^2^ 2, 4 >''\\Pi,uo\\l2- 

j+k>2 

Note that if g > 2n-i ^ then -^ ^^^ < 0. Thus we can sum over j and bound the quantity 

above by 



C 



2(t-^^±T^)fc+{i-^)Mfc)-"W]fc + 2(f-^i±y^))fc 



\PkUo\\L2. 



Which is sufficient for ()1.6p since (^ — 2-)[m{k) — a{k)]k > in view of Remark 11.11 D 



It remains to prove Proposition 12. II and Proposition 12.21 The proof relies heavily on the radial 
properties. In particular, we will use the Fourier-Bessel formula. We denote by Jmif) the Bessel 
function: 



Jm{r) 



(r/2) 



T(m + 



^j^^-^y_^e-(l-tr-^/^dt, m>-l/2. 



We first list some properties of Jmif) that will be used in the following lemma. For their proof 
we refer the readers to [36j. 

Lemma 2.3 (Properties of the Bessel function). We have for < r < oo and m > —^ 

(i) Jm{r) < Cr^, 
(a) Jm{r) < Cr'2. 



It is well known that if f{x) = ^(Ixl) is radial, then the Fourier transform of / is also radial 
(cf. [35]), and 



Jo 2 



Thus if uo(^) = h{\S,\) is radial, then S^{t)PkUQ = F(t, |x|), and 



=«<</>(»), 



F{t, \x\) = 27r / e**<P^^Vfc(s)/i(s)s"" (s|x|)~ — Jn^(s|x|)ds. 
Jo 2 



(2.14) 



(2.15) 



The issues reduce to a one-dimensional problem involving Bessel function. We will use the 
following local smoothing effect type estimate. 

Lemma 2.4. Suppose k £ 7j, ip £ L^(R) and (p satisfies (HI) and (H2). Then for 2 < q < oo, 
we have 

MsMs)e-''^^'^ ds ^<2^''-'^^'Uk^\\L2 



where m(k) is defined in (|1.4p . 



Proof. It is easy to see that in the support of V'fc; 4' is invertible and we denote (f) ^ to be the 
inverse of (j). By the change of variable a = i?i)(s), we get 



M'Me)e-'*'" ds 



*(*"'("»'-*°Mf^''" 



Then from the Hausdorff- Young inequality and change of variable s = 0(a), we get the quantity 
above is bounded by 



C 









C 



i^k{s) 



ip{s) 



(s " 



From the condition we have (/>'(s) ~ 2^'^^'^' ^'^ in the support of V'fc) and then by H51der inequality 
we can bound the quantity above by 



, 1 m(fc) ^ 






'-^k^Wi^ 



Thus we finish the proof. 



D 



Lemma 2.5 (Strichartz estimate). Suppose (p G L^(R) and (/) satisfies one of H(3) and H(4-)- 
Then for A: G Z, we have 

where a{k) is defined in ()1.4p . 

Proof. Since (p satisfies (H3) and (H4), then by Theorem 1 in [15] . we have the decay estimate 

(fc)s 



MsMs)e'"'''"^^'^ ds <|tr52(i-^)||^-i[V^fc^]||ii 



Then Lemma 2 fohows immediately from Proposition 1 in [15J, also see 

Proof of Proposition 12. ll We get from ()2.15p and Lemma [23] (i) and Lemma [23] that 

n-l 

\\S^{t)PkUo{x)\\L,^^^f,y,A,)S\Fk{t,r)r i W^^j, 

j 1 m(fc) s, , n — 1 

<2T2(2 ^)'=||V;fe(s)/i(s)s— 11^2 



D 



which completes the proof of Proposition 12.11 since ||^fc(s)/i(s)s 2 ||^2 = ||Pfcno||i2. 



D 



It remains to prove Proposition 12. 2i We will use the decay properties at the infinity of the 
Bessel function. More precisely, 

J(r-(n-l)7r/4) I -i(r-(n-l)7r/4) . . 

+d„r — e-*"^+(r)-enr — e*"S_(r), (2.16) 



Jn-2 (r ) 
2 



2rV2 



where -E±(r)<r ("+i)/2 if r > 1, d„,e„ are constants, see [36]. Inserting ()2.16p into ()2.15p . we 
then divide -F(t, |x|) into two parts: the main term and the error term, namely 



F(t,\x\) = M(t, |2;|)+S(t, |x| 



(2.17) 



with 

M{t,r) =Cnr''^ f Ms)h{s)s'^e''^'''-"^'^''>'>ds + Cnr-"^ /" Vfe(s)/i(s)s'^e-^("^+*<^(^»ds, 

Jr Jr 

E{t,r) =ci f Ms)h{s)s'^-^e-'"t'^''>-'''E+{rs)ds - 02 f Ms)h{s)s''-^e-''^^'^+'''E^{rs)ds. 



First we estimate the error term E{t,\x\) in the following Lemma. 
Lemma 2.6. Assume (p satisfies (HI) and (H2). If j + k >2 and 2 < q < 00, we have 

mt, \x\)\\lIJR>cA,) < 2(-'^+?)-''2-(^+'^)'^||P,no|U2. (2.18) 

Proof. As in the proof of Proposition 12.11 we have 



\\Eit,\^\)\\LlJR>cA,)<\\Eit,r)r 

<2^5 



"? TiTl 



LILI 



^'^~'^^'\\Ms)F{s)s--'r'^E^{rs)\y r. 

I 1 I m(fc) ■.-, -in n + 1 \ 



<2-^2-^^^^'^-2^^i 
where we used the fact \E±{r)\<r^^^^^'''^ . Thus we complete the proof. 



n-\ 

2 IIl?, 



D 



9 



Next we estimate the main term M(t, |x|) in the following Lemma. 
Lemma 2.7. (a) Assume 4> satisfies (HI) and (H2). If j + k >2, we have 



l-m(fc) j 



(b) Assume (p satisfies (H3) and (H4). If j -\- k > 2, we have 

n—l ■ ( 1 Q(fc) \ I ,, 

< 2 — 3-^2(3 — V)^\\Pi 



ll^(i,^)llLL(MxA, 



A:'U0||l2- 



(2.19) 
(2.20) 



(2.21) 



Proof. From symmetry it suffices to estimate the first term in M(t, |x|). We get from Lemma 
with q = 2 that 

n— 1 



< 

1-^ 



n-l 



ijk{s)Ks)s-^ e'^^'-^'t'^'^Us 



^1/? 



<2^'^2-^^^Uk{s)Ks)s 
which gives the first inequality, as desired. Similarly, 



n-l 

2 IIl2, 



l|M(i,|x|)||i^^(KxA,)<ll^(t,OllLr^f! 



<2-i(n-l)/2 



V^fc(s)^(s)sVe^('-^-*<^(^))ds 



r 00 r oc 



To prove (b), we get from Lemma 12.51 that 

n — l 



<2"(""l)j/3 



V'fe(s)/i(s)sVe^('-*-*'^(«))ds 



L'tLl 



<2-(n-i),/32(|-^)^||^,(,)/,(,),-fi||^. 



which completes the proof of the lemma. 



D 



Now we are ready to prove Proposition 12.2 



Proof of Proposition [231 If satisfies (HI) and (H2), then by interpolating (f239|) and (p:20|) 
we get that for 2 < g < oo 



(n n-lN- /I m(fe)x 



l|M(t,x)||i.^(K,^^.)<2^ — )^2(^ . ^lPfcno||i2. 
Then from Lemma 12.61 we get for 2 < g < oo 

||5'<^(t)i^fc^io(x)||L9jKxA,)^ll^(i>a;)llL?_JRxyl,) + ll^(*>a;)||i9jKxA,-) 



(2.22) 



)(i 



71 "^^ 'Ij (1 '"('') 



<2^i —^^2^5 ^^'^||P;.no||L2. 



)fc| 
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Moreover, if (j) also satisfies (H3) and (H4), then by interpolating ()2.19p and ()2.2ip we get that 
for 2 < o < 6 



/2ri+l 2n-lN ■ , -3m(k) + a(k) + l , m(fc)-a(fc) + l ^ ,^ 

\\M{t,x)\\^j^^^^)<2^^^-^^'2^ ^ + ^ ^"WPkUoh^. (2.23) 



Thus, in view of Lemma 12.61 and (|2.23|) . the left-hand side of (|2.13|) can be bounded by 

<{Ci{k,j)+C2{k,j))\\PkUo\\L2 



where 



t " + 1 < ri\^ I 1 I m{k) -I ,^ 

Ci{k,j) =2^-^+?^-'2"(5+^)^^ 

C2(/C,i) =2^^5 ^^•'O^ 2-a + 4 )'= 



-^^2^ 



2q 



It remains to prove Ci{k,j) < C2{k,j). Actually, by simple calculation we get 

C2{k,j) ^ 2n+l 2n-l | n + 1 n-.- | / -3m(fc)+a(fc) + l ^ m(fc)-c»(fc) + l ^ 1 ^ "^(fc) Ny, 

It is easy to see that 



,2(^'+'=)(i+t)+(3-2i)M^)-"W)'=. 



^^' + ^K^ + i) + (i - 2^) ^"^(^^ - "(^))^ - ^' 
since j + k >2 and (m{k) — a{k))k > in view of Remark 1 1.1[ Thus we finish the proof. D 

Step 2. Endpoint: q = |^ in (fTHD . 

Prom step 1 we see that in this case we just fail to sum over j > 2 — k. To overcome this, we 
do not decompose for large j. The main tools are the Van der Corput Lemma [2S] and double 
weight Hardy-Littlewood-Sobolev inequalities [371 : 

Lemma 2.8 (Van der Corput). Assume ip G Cq°(M) and P G C^(M) is a real-valued function 
such that \P"{C)\ > X in the support ofip. Then 



JPiO 



i^mc 



< CA-i/2 



^'lli). 



Lemma 2.9. // 1 < r, s < oo, 1/r + 1/s > 1, < A < d, a + /3 > and 

1 A a , 1 1 1 X+a+B ^ 
1 <<!__, - + - + — ^ = 2, 

r a a r r s a 



then 



[ f 



f{x)g{y) 



|x|"|3; — y|'^|y|'^ 



dxdy 



< C'Q!,/3,s,A,d||/||r||9|U- 



Now we proceed to prove ()1.6p for q = i^^ ■ Obviously, we have 

||5<^(t)Pfc'"o|lL^_^(]R"+i) < 2^ II'S'0(O-Pa;Wo|Il9 JRxA,) + l|5'</,(t)i^fc'"o|lL^ 



lx{|x|>2i-'=}) 
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From step 1 we see that the term / is bounded as desired. It remains to bound the term //. 
Using (|2.34|) we get 

:=//i + //2. 

From step 1 we see that the term II2 is bounded as desired. Thus, it remains to bound the term 
III. Prom symmetry, it suffices to prove 



[2l-'=,oo) 



{r)r 



(^-i)(— 1) 



q 2 



^fc(s)/i(s)sVe^('-^-*<^(«))ds 






^^(„_,i+^),^(X__,)(„(,)_^(,„,||^^^^^^||^ 



which follows from the following estimate 



|^|(M)(«-i) / V'o(s)/i(s)e^(^^-*'"""'"'^(''^))ds 



<2(3-2^)('^(*=)-"('^'))'=||/i| 



2- 






(2.24) 



It remains to prove ()2.24p . Since tpo{s) is supported in {s ~ 1}, then from (H1)-(II4) we get 
that (pk = 2~^"^^^' (j}{2^ s) has an inverse denoted by rjk = 'Pk '■ '^0''^9^{4'k) -^ {s ^ 1}, moreover, 



By a change of variable s = r]i^{fj,), we get that (|2.24|) is equivalent to 

rs-/ W W ^ 



|r|("2)("-i) / ^/JQ{r]ki^l))h{^i)e''■''^^^^'^-'f'Ufl 






For / G L^(M), define operator 

Tf{x,t) = \x\ 



(i-^)("-i) 



Mm{^^))f{^^)e'^'''"'^^^-"'U^^■ 



It suffices to prove ||T'||^2^j^9 <2^'* 29-'^'^^ ) '^( )) _ gy duality, we have 



By the TT* arguments, it suffices to prove 

\\TT*n\\r <9(5~i)(''"('=)~"('^))'^| 

II -^ -*- y\\ h^ r^ I 

From the definition we have 



aWLi' 



TT*g{x,t) =\x\ 



(^-|)("-i) 



q 2 



(2.25) 



(2.26) 



V'o(%(/i))e"^(^'"=(''^"^'')|y|^^"^^^""^^5(y,T)e^(^^*(^)-*^)d;udy(ir 



^|(i-5)("-i) / K(x-y,t-r)|y|(^~5)("-i)^(y,^)dydr, 



where 



K{x-y,t-T) = i'oi'nkiP'))e 



J[{x-y)ri^:{fj.)-^(t-T)n] 



dfi. 
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Using Plancherel's equality, we get 

K{x-y,t-T)g{y,T)dT 



<\ 



9iyr)\\L2- 



On the other hand, it follows from Van der Corput lemma and ()2.25p that 

k(m(k)—a.(k)) i/r» 

\K{x -y,t- t)|<2 ' ' 2 \x - y|-i/2. 

Then by interpolation we have 



K{x-y,t-T)g{y,T)dT 






\Li' 



Using Minkowski inequality we obtain 



\TT*g\\r, <2 



fc(m(fc)-a(fc))(|-|) 



\x\ 1 '^ 



(^-|)("-i) / u,i(i-|)("-i) 



q 2' 



\9{y,-)\\Li'\^-y\ " dy 



To complete the proof, it suffices to prove 

9{y)f{x) 



|(|-^)("-l)u,|(|-i)(""l)u_.,|(3-i) 



J — Y-dxdy 



<| 



9\\li'\\J\\li'^ 



(2.27) 



x| 2 9^^' |y| 2 q'^ |x — y| 2 q' 

which follows immediately from Lemma [2.9l since it is easy to verify the condition with q = i^^, 
a = /3 = (^ — ]:){n — 1), A = ^ — ^, r = s = g', d = 1. Therefore, we complete the proof. 

Step 3. Sharpness. 

It remains to prove that the range of q is optimal. We will prove that ||e**^~ Po^oIIl' ^IKolb 
fails li q < ;^^, and ||e* Pq^oIIl'' ^ll'^olb fails if ^ < |^^^- For the former one, from the proof 
in step 1 we see that it suffices to disprove: for q = ^p^ 

n—l n— 1 



r 1 r 2 / ^l;Q{s)h{s)cos{rs-{n-l)7^/A)e ds 



< 



(2.28) 



^t.r>2 



Indeed, by taking h{s) = Irg ioi('5), and from the fact that for r » 1 



i/jo{s) cos(rs 



Ho, 10] 



>\\cMt + r)+cMt-r)\\Ll >l, 

\t — r\<l 



we obtain that 
fails if g = -^. 



n—1 n — 1 

r q r ~ J^%ljo{s)h{s) cos{rs — {n — l)Tr/4)e ds 



^t,r>2 



oo. Thus (I2:28]l 



To see the latter one, similarly, it suffices to disprove: for q < 2n-i 



n—1 n-1 



r q r 2 / ■i/;o(s)/i(s) cos(rs — (n — l)7r/4)e* * ds 



<\\hh 



^t,r>2 



Indeed, fix a j sufficiently large and take h{s) = 2-''^lu_^|<2-j. Then 

n— 1 n — 1 ft ■+ 2 

main contribution of r <? r 2~ j^ h{s) cos(rs — (n — l)7r/4)e ds is 



(2.29) 
2 = 1. For t > 0, the 



"-1 n-l 



CnX 



"^r- V / h{s)e-''''e'^'^ds = c„2J'/VVr- V 



lls\<2-.{s)e-'^'-'e'''"e'^''ds. 
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Thus the left-hand side of ()2.29p is larger than 



"-1 n-l 



2i/V^r-'^ / l|,|<2-.(s)e-^"e^*^ e^2*^ds 



• I 2n + l 2n-l \ 



Jjl 

r~22j\|r-2tl<2:J 



which is unbounded if g < 2^I3T- Therefore, we complete the proof of Theorem 11.21 

Next we prove Theorem 11.51 First we give the following maximal function estimates, which 
generalize the results in [21] for a > 2 to a > 0. 



Lemma 2.10. Assume a > and k > 0. Then 



e**l4l e^^4r?o(e/2'^)/(OrfC 



LlL 



<B{a,k)\\f\\2, 



(2.30) 



|t|<i 



where 



B{a,k) = )^^,,,^ a = l. 
Moreover, the hounds are sharp. 
Proof. By change of variables: ^ = 2 ry and then x = 2~ y, we get that ()2.30p is equivalent to 



S<^\\^-%{i)f{i)di 



LlL' 



<B{a, 



(2.31) 



t|<2fea 



By TT* methods, ()2.3ip is equivalent to 



jit-t'm" ji^-x')^ 



miOd^ 



g{t',x')dt'dx' 



<Bia,kr\\g\\L,Li . (2.32) 



^x |t|<2fea 



Denote Ka{x — x',t — t') = f^ e'*-* * )Kre**-^ ^ %(C)^C- By Stationary phase and Van der Corput 
lemma, since \t — t'|<2 , it is easy to see that for a ^ 1 



Kaix-x',t-t')\<{l + \x-x'\) ' l\^_^,\<2ka + \x-x'\ l|i,_a;/|>2*'^ 



and for a = 1 

Using bounds above and Young's inequality, we get 



Ki{x-x',t-t')\<l- lla:-x'\<2k + \x-x'\ ^l|a;-x'|»2fe ■ 



/ Ka{x -x',t- t')g{t', x')dt'dx' 

JR2 



S\Ka\\LlLf\\9\\LlL^ ^ 



^\t\<2ka 



<B{a,kf\\gh,ri 



|t|<2'=a 



Thus we obtain the bounds as desired. 



It remains to show that the bounds are sharp. First we consider a = 1. For / supported in 
{^ > 0}, we have 



L.H.S of (I2:3T]1 



e--«e-So(0/(e)de 



>2*=/2 



|a;|<2fe 
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which shows the sharpness of the bound 2 '^. Now we consider o 7^ 1. Take f = ^'^l|^_i|<0, 
^ 2-W2. Then ||/||2 ~ 1, and 



L.H.S of ^M)>9 



-1/2 



Jm+lre-^t^^x(^^ 



m<e 



r 2 7-00 

\x\<&-^^\t\<2ko 



>0-l/2 



-ixi(,+l)'' /a ^ix/a ^ix^ ^^ 






where in the last inequahty we used the fact that |(^ + 1)° — 1 — a^|<^^. Thus we complete the 
proof of the lemma. D 

We present the proof of Theorem 11.21 in the following two cases. 

Case 1: a / 1. 

First we assume that a 7^ 1. Since (jl.Sp is trivial if ((?,r) = (00, 2), thus by Bernstein's 
inequality, Riesz-Thorin interpolation and the classical Strichartz estimates, it suffices to prove 
^M for (g,r) = (2,r), where ^ < r < ^. 

By the scaling transform (t,x) — )• (A"t,Ax), clearly we may assume A: = 0. By the classical 
Strichartz estimates (see [20] forn > 3 and [H] forn = 2): He^'-^^Po/ll 2" < C'II/IIl2, then 



we see that from Holder's inequality, it suffices to prove 

lle^^'^^o/llL^Lr ,., < Cll/ll 



L-f-Lx 



Li- 



(2.33) 



As before we divide Ua{t,\x\) = e* Pq/ into two parts: the main term and the error term, 
namely 



Ua{t,\x\) = Mait,\x\) + Ea{t,\x\) 



(2.34) 



with 



Jr Jr 



First we bound the main term. We have 

Lemma 2.11. (a) Assume a^^l, a>0, j>2 and 2 < r < 00. Then 

r 2n-l 2 ti-3 \ 
4 >\ 



l^a(t,k|)||^2^.(KxA,)<2^'^^ 



L2. 



(2.35) 



Proof. For r = 2, it was proven in Lemma 12.71 By Riesz-Thorin interpolation, it suffices to 
prove for r = 00. By the definition of Ma and symmetry, it suffices to show 



(n-l)j 

2 ^- 



r]{s)g{s)e 



i{;rs'^/''-ts) 



ds 



L^L^{RxIj) 






(2.36) 
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where r]{s) is a bump function on {s ~ 1}. By making change of variables ^ = 82°"^ , t = 2°'^x, 
we see that it suffices to prove 



(n-i)j 
2 2— 



r?(e/2'^^-)5(e)e^(*«''"-^«)dC 



(2n-3)j ,, 
<2 ^||5||2 



r 2 r oo 



(2.37) 



which reduces to a maximal function estimate associated to the dispersion ^^'". Since a 7^ 1, 
then ()2.37p follows immediately from Lemma 12.101 D 



Next, we estimate the error term Ea{t, \x\). This term certainly has better estimates than the 
main term, but for our purpose, the following rough estimates will be enough. 



Lemma 2.12. Assume a ^ 1, 7 > 2 and 2 < r < -^. Then 

1 f Ti IX — 2 \ 



L2- 



(2.38) 



Proof. For r = 2, it was proven in Lemma 12.61 For r = — ^ we have 



\Ea{tM 



<\\Ua{t,\x\)\\ ^ +||M„(t,|x|)|| ^ 






where we used the classical endpoint Strichartz estimates and Lemma 12.71 



D 



We are ready to prove (|2.33|) . Indeed, since |^-rf < r < ^^, by Lemma [22] and Lemma ESI 
we can sum over j > 1: 

00 00 

||e^*^>0/|lL2^|-^^^^^ < Y, \\Ma{t, k|)|L2^.(KxA,) + E ll^-(*' I^I)IIl?LS(RxA,)<II/I|2. 

Case 2. a = 1 and n > 3. 

As in Case 1, it suffices to prove (jl.Sp for {q,r) = (2,r), where ^^r^ < r < ^^rj- Using the 
decomposition (j2.34p and the following lemma, we immediately obtain (jl.Sp . 

Lemma 2.13. Assume j >2 and 2 < r < 00, 2 < q < ^J, • Then 



|Mi(i,|x|)||i2^.(i,x^^)<2^'( 



""' "-^)|lflL2, ||i?l(t,k|)|L2^.(K,^^.)<2-(^-"^)||/||^2. 



Proof. The proof follows exactly as the proof of two Lemmas above, thus we omit the details. D 

Finally, we show the sharpness, g > 2 is necessary since (jl.Sp is time-translation invariant. 
The same counter-example for (j2.29p shows that — I — ^^^ < n — 2 is necessary. 

Remark 2.14. We give a remark on Conjecture 11.71 for a = 2. From the proof of Theorem 11.5] 
we see that to prove ()1.9p . it suffices to prove 



^-l/(2n-l) / ^Q(5)g(s)e^(— t-')ds 



4n-2 ^Iblb- 



r 2 r 2n — ci 
^t^{r>l} 



Unfortunately, we are not able to prove this. 
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3 Strichartz estimates in the radial case 

In this section, we will apply Theorem 11.21 to some dispersive equations. Since we do not have 
the decay estimates, then we use Christ-Kiselev lemma to derive the retarded linear estimates. 
First we prove a duality property for radial function. 

Lemma 3.1. Assume 1 < p < oo, 1 = 1/p + 1/p' , f G -L^(M") and f is radial. Then 



LP{R") = sup 



f{x)g{x)dx 



: g £ L^ (M"),gf is radial and ||g||^p' < 1 



(3.39) 



Proof. Denote the right-hand side of (|3.39p by B. Then it is obviously that B < \\f\\Lp{M."), thus 
it suffices to show ||/||lp(mi) < B. By duality, we have 



LP{R") 



- sup 

56LPM|g||^p,=l 



sup 

ffGLPM|9||^p,=l 



sup 

5eLPMl5|l^p,=l 



f{x)g{x)dx 

f{r)g{rx')r"'^ drda{x'] 
f{x)g{x)dx , 



JS 



where we set g{x) = ig,}-ii /§n-i g{\x\x')da{x'). It's easy to see from Holder's inequality that g 



is radial and ||^||^p' < 1, then we get ||/||lp(ir") < i? as desired. 



D 



Obviously, Lemma 13.11 holds similarly for function f{t,x) spherically symmetric in x, e.g. 
/ G L^L%. As a corollary, we can apply Lemma 13.11 to get the dual version estimates of the 
linear estimates in the radial case. 

Lemma 3.2. Assume l<q,r<oo, l/q + 1/q' = 1/r + l/r' = 1, k e Z. If for all uq G L'^{W) 
and Uq is radial we have 

\\S^{t)PkUo\\^Lr<C{k)\\uo\\L2, 

Then for all f G Lj L^. and f is spherically symmetric in space we have 



s4-t)[Pkf{t,-)]{x)dt 



L2(]Rn) 



<C{mf\\r.'rr'- 



Christ-Kiselev lemma which was obtained by Christ and Kiselev [1] is very useful in deriving 
the retarded estimates from the non-retarded estimates. The one we need is the following, for 
its proof we refer the readers to 



Lemma 3.3 (Christ-Kiselev). Assume 1 < pi,qi,P2,Q2 ^ oo with pi > p2. If for all f G L^^L%^ 
spherically symmetric in space 



then we have 



[ S4t-s)iPkf{s)){x)ds 

JR 



S4t-s){Pkfis))ix)ds 



< 



rPl r91 



L+ Lrr- 



cimih^^Li^, 



< 



cmifh 



holds with the same bound C{k), for all f G L^^Lfx spherically symmetric in space. 
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Now we are ready to give some new Strichartz estimates for some concrete equations. First 
note that from Minkowski inequality and Littlewood-Paley square function theorem we get if 
2 < g, r < oo then 



L?LS<I 



\Pkf\\ 



LUr^K^ 



\Pkf\\ 



L?'L!;'"'fc~ 



Lt Lt 



(3.40) 



We will apply (j3.40p to get the Strichartz estimates on the whole space. 
1. Schrodinger equation 

idtu + Au = F, {t, x)eRx M", 
u(0) = uo{x). 



(3.41) 



By Duhamel's principle, we get u = S{t)uo — i Jq S{t — T)F{T)dT, where S{t) = e~ , which 
corresponds to (j){r) = r^. Then we see that cj) satisfies (HI), (H2), (H3) and (H4) with rrii = 
1712 = ai = a2 = 2. Thus by Theorem 11.21 we obtain for q > 2n-i ^^^ ^^ '^0 is radial then 






uoh- 



(3.42) 



Definition 3.4. Suppose n > 2. The exponent pair (q, r) is said to be n-D radial Schrodinger- 
admissible if g, r > 2, and 

4n + 2 2 2n-l 1 4n + 22 2n-l 1 ,,, 

-<g<oo,- + <n-- or 2<q<- -,- + <n--. (3.43) 

2n— 1 q r 2 2n — 1 q r 2 

For n > 3, the n-D radial Schrodinger- admissible pairs are described in the Figure 1 (a 7^ 1). 

Proposition 3.5 (Schrodinger Strichartz estimate). Suppose n>2 and u,uq,F are spherically 
symmetric and satisfy equation (j3.4ip . Then 



u r.ir.r + u 



:i/7)^lFo||//7 + 



IFII -/ 



(3.44) 



z/7 G M, (q,"!") and {q,f) are both n-D radial Schrodinger-admissible, either {q,r,n) 7^ (2,cxD,2) 
or {q,r,n) 7^ (2, 00, 2), and satisfy the "gap" condition 



2 n n 2 n n 

- + - = TT-7, - + - = 77 + 7- 
q r 2 q r 2 



Proof. The case F = follows from Theorem 11.51 Now we assume F ^ 0, {q,r) and {q,r) are 
both n-D radial Schrodinger admissible, {q,r,n) 7^ (2, 00, 2) and satisfy the "gap" condition. If 
7 = 0, this is implied by the already known estimates [20]. If 7 7^ 0, then by scaling it suffices 
to prove 



S{t - s)PoF{s)ds 



<\\F\ 



^t^x 



LfLt;- 



(3.45) 



Since either q,r > 2 or q,f > 2, then in view of Christ-Kiselev lemma it suffices to prove 



/ S{t - s)PoF{s)ds 

Jr 



LiLl 



<\\F\\ -I , 



(3.46) 



which follows immediately from the non-retarded linear estimates and Lemma 13.21 Thus we 
complete the proof of the proposition. D 
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Remark 3.6. We remark that we can take 7 < 0, which means there are smoothing effects 
in the non-retarded Strichartz estimates. This only holds in the radial case. There are also 
smoothing effects in some retarded estimates, but for our purpose, we only derive the ones 
without smoothing effect. 

2. Wave equation 

dttu -Au = F, {t, x) G M X M", 
u{0) =uo{x), ut{0) =ui{x). 

By Duhamel's principle, we get u = W'{t)uo + W{t)ui — Jq W{t — T)F{T)dT, where 



sm 



(t^/^A) 



Wit) = ^^ ' , W'{t) = cos(tV^A). 

This reduces to W±{t) := e^^^^-^) ^ which corresponds to (/)(r) = r. Then we see that 
satisfies (HI) and (H2) with mi = 1712 = 1- Thus by Theorem 11.21 we obtain for q > ^^ and if 
uq is radial then 

||VF±(t)PfcUo||LL(K"+i)^2^' —'"Wuoh- (3.48) 

Definition 3.7. Suppose n > 2. The exponent pair {q,r) is said to be n-D radial wave- 
admissible if g, r > 2, and one of the following 

(1) n = 2, {q,r) e A^ = {{q,r) : i + i < l,g > 4} U {(4, 00), (oo,2)}; 

(2) n > 3, iq,r) G A>s = {{q,r) : g > 2, | + ^ < ^} U {(oo,2)}. 

For n > 4, the n-D radial wave- admissible pairs are described in the Figure 1 (a = 1). 

Proposition 3.8 (Wave Strichartz estimate). Suppose n > 2 and u,uo,ui,F are spherically 
symmetric and satisfy equation ()3.47p . Then 

IpIIlILJ + lFllc([0,T]:i/^) + ll^t^llc([0,T]:H7-i)^ll'"o|li/7 + IPl|li/7-l + ll-^ll^g'^^f ) (3.49) 



t ^x 



if J G M, {q,r) and {q,f) are both n-D radial wave-admissible, {q,f,n) ^ (2,oo,3), and satisfy 

the "gap" condition 

Inn Inn 

q r 2 q r 2 

Proof. The proof is similar to that of Proposition 13.51 We omit the details. D 

3. Klein-Gordon equation 



(3.50) 



dttu — An -\- u = F, 

n(0) = uo{x), ut{0) = ui{x). 

By Duhamel's principle, we get u = K'{t)uo + K{t)ui — J^ K{t — T)F{T)dT, where 

K{t) = u'^ sni{tuj), K'{t) = cos{tuj), u = yj I - A. 

This reduces to the semigroup K±{t) := ^^^Kl-^) ^ which corresponds to 0(r) = (1 -|- r^)^'^. 
By simple calculation, 

(1+7-2)2 (l+r2)2 
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we see that (/> satisfies (HI), (H2), (H3) and (H4) with mi = 1, ai = —1, m-2 = a2 = 2. Thus 
by Theorem 11.21 we obtain for q > 2n~i ^^^ ^^ ^o is radial then 



K±{t)PkUo\\L'i (Rn+i)<C(g,A;)||uo||2, (3.51) 



t.x \ 



where 

C{q,k) 

4. Beam equation 



2^2 9 '"', A; < 0; 



n(0) = ^0(2;), ut{0) = ui{x). 
By Duhamel's principle, we have u = B'{t)uo + B[t)ui — L B[t — T)F{T)dT, where 



(3.52) 



B{t) = w"^ sin(tw), B'{t) = cos{tuj), u = vT+A^. 

This reduces to the semigroup B±{t) := e^'^^^^+^ ) ^ which corresponding to 4>{r) = (l + r^)-*^'^. 
By simple calculation, 

(f)'{r) = 2r^ / (I + r'^)^ , (f)" {r) = (Gr^ + 2r^)/(l + r^)i, 

we know that (f) satisfies (HI) and (H2) with mi = ai = 2, ?n,2 = 02 = 4. Thus by Theorem 11.2 
we obtain for q > 2n-i ^^'^ ^^ '^0 is radial then 



B±{t)PkUo\\L'i (Rn+i)<B{q,k)\\uo\\2, (3.53) 



t.x V 



where 



2^2 '^'"^ k<0- 



B{q,k) — ^ /n Ti + 2y^ 



5. Fractional- order Schrodinger equation 

idtu + (— A)2n = F, 



u{0) = uo{x), ^^-^^^ 

where 1 < o" < 2. By Duhamel's principle, we have u = Sa(t)uQ + Jg S^it — T)F{T)dT, where 
Sa{t) = e-«*</'(v-^) with (j){r) = r" . By simple calculation, we see that (/> satisfies (HI), (H2), 
(H3) and (H4) with mi = ai = 1712 = a2 = (J. Thus by Theorem 11.21 we obtain for q > 2n-i 
and if uq is radial then 

\\Sa{t)PkUo\\LlJRr.+i)<2^^ —'"Wuoh. (3.55) 

Proposition 3.9. Suppose n > 2 and u,uq,F are spherically symmetric in space and satisfy 
equation ()3.54p . Then 

z/ 7 E M, (g, r) and {q, f) are both n-D radial Schrodinger-admissible (see Definition \T^, 
{q,f,n) 7^ (2,00,2), and satisfy the "gap" condition 

n 

- + 7. 
2 ' 
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a n 


n 




a n 


- + - = 


= — 


-7. 


- + - 


q r 


2 




q r 



Proof. The proof is similar to that of Proposition [331 except {q, r, n) = (2, oo, 2). This particular 
case follows similarly as for the schrodinger equation in |41j . We omit the details. D 

In particular, taking 7 = we get a family of Strichartz estimates without loss of regularity. 

Corollary 3.10. Suppose n>2, 2n-i < o' < 2 and u,uo,F are spherically symmetric in space 
and satisfy equation (j3.54p . Then 

\Ml1li + \H\c0R:L2)<\\uo\\l2 + ll-^ll^f if" (3-57) 

if {q,r) and {q,r) belong to {{q,r) : q,r > 2, ^ + j = ^} and {q, r, n) ^ (2, 00, 2). 

These estimates without loss of derivatives hold only in the radial case. Finally we present 
the Knapp-counterexample to show that the general non-radial Strichartz estimates have loss of 
derivative for 1 < o" < 2. 



Assume that the following inequality hold for general non-radial function /: 

/ e''\^\\^-%{i)f{i)di 



<II/IIl- 



L'tLl 



(3.58) 



Take 

^ = u = (ei,OeM'^:iei-i|<<5,ic'i<'J}. 

Let / = 1d{0- Then ||/||2 ~ d''/\ and 

Jd 
Since in D we have 

iicr - er i<ic?<'^', ler - 1 - ^(^ - i)i<i6 - ii'<^', 

thus for \t\<6-^, \ta + xi\<6-\ \x'\<6-\ we have | /igd e^*l«l"e^^«r/o(0/(Orf^l ~ \D\. Therefore, 
()3.58p implies 

_2 _d,d 

5 -, -+2<i, 
which implies immediately that — h - < 2 ^^ taking 6 <^ 1. 

4 Applications to nonlinear equations 

In this section, we apply the improved Strichartz estimates to the nonlinear equations, e.g. 
nonlinear Schrodinger equation, nonlinear wave equation. These equations have been studied 
extensively. 

4.1 Nonlinear Schrodinger equations 

First we consider the semi-linear Schrodinger equations: 

idtu + Au = iJ.\u\^u, u{0) = uo{x), (4.59) 
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where u{t,x) : M x M" — )• C, n > 2, uq € -ff*, p > 0, fi = ±1. It is easy to see that equation 
(j4.59p is invariant under the following scaling transform: for A > 

u{t,x) -^ X^/Pu{X^t,\x), uo{x) -^ X^/Puo{\x). 

Then the space H'^""'^, where 

_n 2 

Ssch — TT ~' 
2 p 

is the critical space to ()4.59p in the sense of scaling, namely, ||A^/Piio(A-)||j:^s^^,j = H^iolli^s^ch- ^^ 
particular, if p < 4/n, then Sgch < 0, which is our main concern. 

The well-posedness and scattering for the nonlinear Schrodinger equation (|4.59p were exten- 
sively studied. We refer the readers to O [H [71 |22l [25l [9l [8] and the reference therein. It is 
well-known that the threshold of i^^-wellposedness for ()4.59p is s > max(0, s^c/i)- However, in 
the radial case we prove the following 

Theorem 4.2. Assume n > 2, < p < A/n, Ssch = f ~ f ; 2n+i — '*«cft, < 0, and uq is radial. 
Then we have 

(1) Small data scattering: If ||Mo|lijssch — ^ f^"^ some 5-^1, then there exist a unique global 
solution u to ()4.59p such that 

and u± G H^^'^'^ such that \\u — S{t)u±\\^s^^,^ —^0, as t ^ ±00. 

(2) Large data local well-posedness: If uq G H'^ for some Sgch < s < 0, then there exists T > 

2(n+2) 

and a unique solution u £ C{{-T,T) : H') n L^^'^ ii-T,T) x M"). 

Proof. The proof is quite standard. The main point is to choose the resolution space. By 
Duhamel's principle, we have 



u = ^uo{u) = S{t)uo + fi S{t- s){\u\ '^-^^sch u){s)ds. 

Jo 



First, we show (1). Takqil 



2(n + 2) 2(n + 2) 

, q = r = . 

n - 2ssch n + 2ssch 



It is easy to verify that {q, r), {q, r) satisfy the conditions in Proposition 13.51 with 7 = Ssch- Thus 
by applying Proposition 13.51 we get 



\'^uoiu)\\Ll^ + \\D'''''^uo{u)\\L^L^^<\\Sit)uo\\L^^Ll + || |n| -^^-'^ n||^,-, 



<||L>''-''no||r2 + llnll ,""f'"^a^-' 

r^W Ullij II II {n-2s fj^+4)q' 

T "-'^"sch 



Note that q' = -—^ — -j-r, then „ ^y/' — — = q. Thus part (1) follows from standard fixed 
point arguments ([3J). 



^Indeed, the choice of index was determined by a group of Unear equation or inequaUties. The choice is not 
unique, and we choose the simple one here. We will remark more on this for the wave equation. 
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Next, we show part (2). Local well-posedness for equation ()4.59p in H^"'''^ follows from the fact 
that for q = ^^^ < oo 



lim ||5(t)uo||r'3 r9 



Now we assume Ssch < s < 0. Take q = r = 

1 n + 2s 2n{s — Ssch) 



H(li+H)and 

n—zs 



1 n + 2s 



+ 



is -4s 



sch 



q 2n + 4 (n + 2)(n - 2s^ch) ' r 2n + 4 {n + 2){n - 2ssch)' 

It is easy to verify that {q,r),{q,f) satisfy the conditions in Proposition 13.51 with 7 = 5, and 
{p + l)f' = q. Thus by applying Proposition 13. 5^ we get for some 9 > 



\^uoiu)\\Ll^ + \\D'<^uo{u)\\l^^<\\D'uo\\l2 + 

<\\D'uo\\l2+T'\\u\ 



\t1 Tf' 

t6[-T,T] a: 



■ "-2Ssch 



Thus part (2) also follows from standard fixed-point argument. 



D 



Remark 4.3. In part (2) of Theorem 14.21 the existence time T depends only on ||uo|lijs for 
s > Ssch, but on the profile of uq for s = Ssch- 

Actually, we can obtain more conclusions than Theorem 14.21 Using the similar proof, we can 
obtain if Sgch < ^ttTj namely < p < „ f?t^_2 ; large data local well-posedness for ()4.59p hold 



2n+l 

in H^ for s > si with 



si 



1— n 
2n+l' 



8n+4 



np—n^p 



n — ^ ^ 2n2+3„_2' 



2(-l+2n+np) ' P 



< 



(4.60) 



Actually, sq is determined by the following groups of linear equations: 



2 < q,r,q,r < 00, 



n- 2, 

-7, 



2 I 2n-l _ 
g r 

2 I n n 

g """ r ~ 2 

(J ^ f 2 ^ '' 

(p -|- l)f' = r,q = 00. 



Then we can also obtain (g, r), (g, f) for s > sQ) which can be used to prove local well-posedness 
as in the proof of Theorem 14.21 



s, 


. 








2 

n 


8n+4 / 


-' 




2n2+3n-2 / 







^ ^ 


/ 


P 


2n+l 


" ^ - 


_._./ 





Figure 2: ij* well-posedness for NLS 
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The same conclusions obtained above certainly hold for general nonlinear terms F{u), for 
example, if F satisfies 

\F{u)\<\u\P+\ 
|n||F'(n)| ~|F(n)|. (4.61) 

We describe the regularity s for H'^ local well-posedness and nonlinear increasing rate p + 1 in 
Figure 3. 

Remark 4.4. Part (2) in Theorem 14.21 also holds for data uq G H^ . Indeed, we simply construct 
the resolution space as following 

II IIJ-T II iU lli>j_j,j,ji> II ^i ''-'^lt\<T,x 

4.5 Nonlinear wave equations 

Next, we consider the semi-linear wave equations: 

dttu - Au = fi\u\Pu, (t,x)eMx]R", 
u{0) = uo{x), ut{0) =ui{x). 

where u{t, x) : M x M" — > M, n > 2, /i = ±1, uq G H"^, mi G H'^^^. It is easy to see that equation 
(j4.62p is invariant under the following scaling transform: for A > 

u{t,x) -^ X^/PuiXt,Xx), uo{x) -^ X^/Puo{Xx),uiix) -^ a(2+p)/Pui(Ax). 

Then the space H'^^ x i7*™~^, where 

_n 2 
2 p 



Jsw ■ 



is the critical space to (j4.62p in the sense of scaling, namely, ||A^/Puo(A-)||^s„ = Huollijs 

The well-posedness and scattering for equation (j4.62p were deeply studied. We refer the readers 
to [la [261 EHl [Ml [la El EOl ED Ea Eni SOI [23] and the reference therein. In this section, we study 
the well-posedness theory for (j4.62p in H^ x H^~^ with radial initial data. As was indicated in 
the introduction, the sharp results at the critical regularity were obtained in [26] if s^ > 1/2. 
Thus we restrict ourselves to the case Sw < 1/2, and we find an threshold so{n) for the critical 
GWP in the radial case: 



so(n) 



4 ' 
12-v^T29 



17 n 



n = 3, (4.63) 



i^+Sn-S-Vn-^+en^-n^-Ura+Q 



4n-4 , n>4. 



It seems that this is the optimal regularity by our methods. We prove the following 

Theorem 4.6. Assume n> 2, < p < j^zzj! ■5«) = f ; so{n) < Sw < 1/2 with so{n) given by 

(j4.63p . and uq is radial. Then 

(1) If Wu^W^sn, + ll''^i|li/su,-i ^ ^ for some 5 <^ 1, then there exists a unique global solution u 
to ()i:62D such that 

u e C{^ :H'^)n Ci(M : H'^--^) n LJLliR x M"), 



24 



where {q,r) are given in the proof, and {u±,v±) G H'^^ x if*™ ^ such that 

\\u - W'{t)u±\\^s^ + \\ut - W{t)v±\\j:js^-i -^0, as t ^ ±00. 

(2) If uq S H^ for some Syij < s < 1/2, then there exists T > and a unique solution u to 
()4.62p defined on {—T,T) such that 

u£C{{-T,T) ■.H')nC\{-T,T) ■.H'-^)nLlLl{{-T,T) x R"), 

where {q,r) is the index given by part (1) for s^ = s. 

Proof of Theorem \4-6[ By Duhainel's principle, we have 

u = ^uQ,ui{^) = W'{t)uo + W{t)ui+fi / W{t - s){\u\^^u){s)ds. 



First we show part (1) and explain how sq is obtained. The main issue is to choose the admissible 
pairs ((?, r), {q,r) so that the contraction argument is closeqj- By the choice of {q,r) and {q,f), 
we should have 



,1- 



t-^x 



<||Z)*™no||L2 + \\D'^- 'ui\\l2 + \\u\\ ,"; 
The inequalities above hold if ((?,r), (g, f) satisfy 



(g, r), (g, f) is n-D radial wave admissible, 

\\l~-l_^\^ (4.64) 

, (p+ \y = r, {p+l)q' = q. 



Therefore, once we find solution to (|4.64p . then part (1) follows from standard arguments. We 
give a solution to (j4.64p case by case: 

Case 1: ^ < Sy, < 1/2. 

, , ,2n + 2 2n + 2, , , , 2n + 2 2n + 2 , 

^^''^^ = L-9c ' -n-9. >' (^''^^ " L-L9. _9 ' ^i9. _9 ^- 



Case 2: sq < s^ < ^• 
Case 2a: n = 2. 



(g'^) = ( n _s ^2 ' 73^)' {q,r) = { — ,00). 



Case 2b: n = 3. For some < 6 <^ 1, 



(-,-) = (2s^ _ 3^, i - s^ + 0), {q, r) = (- 



q r 2 q— p— Ir— p— 1 

Case 2c: n > 4. 

, , .2n + 8-4sw 2n'^ + 8n - Ansu, ^ ,~ -^ /„ 2n , 

n — 2su, w^ + 6n — 4ns^ + 4ss, — 6s^ n + 2s^ — 3 



^The ideas for the Schrodinger equations are the same. However, the choice of the index for the wave equations 
is more comphcated. 
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Therefore, part (1) is proved. 

Next we show part (2). Local well-posedness in H'^^" follows from the fact that for the choice 
of (g, r) in the proof of part (1) 

lim \\W'it)Uo\\jc, r, + \\Wit)ui\\r^ rr = 0. 

Now we assume s^ < s < 1/2. The proof is very similar to the Schrodinger equations. We take 
(g, r) to be the one corresponding to s in part (1), and then take (g, f) to close the argument. 
We omit the details. D 

Remark 4.7. As the Schrodinger equation, if s^ < SQ{n), namely p < „_25 (n) ' ^^ can't prove 
well-posedness in H'^ x H^^^ down to s = s^. However, we can also improve the well-posedness 
results in [26]. We only mention the case n > 4, we obtain if - < n < — ;^ — rr, then large data 

local well-posedness hold in H^ x H'^^^ for s > S2 with 

3 



n—2so(n) ' 



S2 



np 



Indeed, take q = 2,r 



2np +2n-2 
„_3+2s ' ^^"^ (^i^) such that 



2n 



1 



n 
2 



n 
r 



1 



1 



1 



p+l {p+l)f' 



Then by this choice we can prove the local well-posedness using the similar arguments as the 
proof of Theorem | 



The same results hold for general nonlinear terms F{u), e.g. F satisfying (|4.6ip . We describe 
the regularity s for H^ x H^^^ local well-posedness and nonlinear increasing rate p + l for (j4.62p 
in Figure 4. 



So 
O 



n 4-2so 



Figure 3: H'^ x H'^ ^ well-posedenss for NLW 



4.8 Nonlinear fractional-order Schrodinger equation 

In this section, we apply the improved Strichartz estimates to the nonlinear fractional-order 
Schrodinger equation: 



idtu + {-sf—^Yu = ^\ufu, n(0) = no(2;). 



(4.65) 



where u{t, x) : M x M" — > C, n > 2, 1 < cr < 2, // = ±1, uq G H'^ . To the best of our knowledge, 
there are few results concerning the well-posedness for (j4.65p . The main reason is that the 
usual Strichartz estimates derived by the decay estimates have a loss in derivatives except the 
trivial one Lf^L'^. Then one may need to use other methods, for example, local smoothing effect 
methods, and using of the X'^'^ space. These methods will certainly be able to provide some 
results at least when p is an even integer. 
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However, in the radial case, we obtain more Strichartz estimates for ()4.65p . some of which 
don't have a loss in derivative. Then our idea is to use these kinds of estimates. The equation 
()4.65p has the following two symmetries which we will use. One is the scaling invariance: for 
any A > 0, (j4.65p is invariant under the following transformation 



u( 



i{t,x) -^ X''/Pu{X''t,Xx), uo{x) -^ X'^/PuoiXx). 
The others are the conservation laws: if u is smooth solution to (j4.65p . then 

d f , ,n 

— / \u\ ax =0, [mass) 

at J^n 

4/ ||Vr/2^|2--^|u|P+2(ix=0. (energy) 
at J^n p + 2 

Then we see the space H^'=, where 

n G 

Sc = TT 

2 -p 

is critical in the sense of scaling, and // = — 1 is the defocusing case while /^ = 1 corresponds to 
the focusing case. We will use the following lemma: 

Lemma 4.9 (Fractional chain rule, [5]). Suppose G G C^(C), s G (0, 1], and 1 < p,Pi,P2 < c« 
are such that - = 1 . Then 

P Pl P2 



|VrG(n)||p<||G'(n)||pJ||Vrn| 



P2- 



In view of the conservation laws, we only consider the nonlinear terms between mass-critical to 
energy-critical, namely, — < p < -^- First we consider the critical H^ well-posedness theory 

of (|4.65p . For the simplicity of notation, we denote Sa{t) = e***^^^ •* . We prove the following 

Theorem 4.10. Assume n > 2, ^^ <o-<2, p>^Sc = ^--, and uq G H'^'= is radial. 
Then the IVP (I05]l admits 

(1) Small data scattering: If \\uq\\^sc < <^ for some 5-^1, then there exists a unique global 
solution 

u G C(M ■.H'^)r\ Lf+^L^("-'^'+"'' (M X M"), 
and u± G H'^" such that \\u — Sa{t)u±\\^sc —^0, as t ^ ±00. 

(2) Large data local well-posedness: There exists T = T{uo) > and a unique solution u G 

2ra(p+2) 

c((-r,r) : H'-) n lp^^l^^"-"'>+"'' {{-T,T) X M"). 

Proof Since a > ^, then ^^^ > ^5^. Thus it is easy to see that (2 + ^, 2 + ^) is an 
n-D radial Schrodinger admissible pair and then by Proposition 13.91 we get 

Then interpolating this with the trivial one ||»S'o-(t)uo||2,ooi2(]KxR")^||wo||L|> '^^ g^t more esti- 
mates. The key point is that these Strichartz estimates are without loss of regularity. 

With these estimates, the proof is quite standard, for example see [25]. First we show part 
(1). By Duhamel's principle, we have 

u = $„(,(n) = Sa{t)uo + /x / Sa{t - s){\u\Pu){s)ds, 

Jo 
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Take 

2n(p + 2) 

q = q = p + 2, r = r = — — . 

l[n — a) + np 

It is easy to verify that {q,r), {q,r) satisfy the conditions in Proposition 13.91 with 7 = 0. Then 
we define the set X = Bir\B2 endowed with the metric d(u, v) := ||u — f H^.'l'- 1 where 

Bi ={u G LTm^{R X M") : ||u||^c«^.c < 2||no||H- + C(n)(2r?)i+P}, 

B2 ={u G LlW'^-'iR X M") : \\u\\^,+.^s.,r < 2^, hh^L^ < 2C(n)||no||L|}, 

with some sufficient small ry > to be determined latter. It's easy to see that {X, d) is complete 
and we will show that the solution map $„q is a contraction on {X, d) with the initial data 
condition 

llnoll^., <r?<l. (4.66) 

First we show $„;, : X — )• X. Since q' = 2±j, r' = 2(n+a)+nv ' then it is easy to see that 

1 1 2a 

+ 



1 


1 1 


— 


= — 1 


q' 


q pq 



r' r n{p + 2) 

Then by Proposition 13. 9t fractional chain rule Lemma 14.91 and Sobolev embedding, we find that 
for u G X, 

\\^uo{u)\\L^Hi-{ixR^) <\\uo\\m- + C{n)\\{Vy^{\u\P)u\\^,> ^^, 



< 



I^oIIh- +C(n)||(V)^=n||i,^.||nf „^(^^,) 



^t ^ 



IP 



and similarly, 



<||no||H-+C(n)(277 + 2C(n)||uo||L|)ll|Vr^u|l^,^. 
<\\uo\\mc+C{n){27] + 2C{n)\\uo\\Li){27jy 



i^«oHIIl?ls <c{d)\\uo\\L'i+c{dm\unu\\^,>^^j 



and 



<C{d)\\uoh2+2C{dr\\uoh2{2r,r, 

mr'^uMhtir <\\\VrS^{t)noh^^Lr+C{n){27^r+^ 
<C{n)rj + C{n){2r]f+\ 

Thus, choosing r/o = iJoiiT-) sufficiently small, we see that for < rj < riQ, the functional ^uo 
maps the set X back to itself. To see that <l>„p is a contraction, we repeat the computations 
above and get for u,v G X 

w^uoiu) - <^uo(.v)\\LiLr <c{d)\\{\unu - (.\v\nv\\^.'^.^ 



t X 



<C{d){2r^Y\\u-v\\L.Li. 

Thus for r] sufficiently, the map ^uo is a contraction. By the contraction mapping theorem, it 
follows that $„p has a fixed point in X. The rest of part (1) (e.g. the uniqueness) follows from 
standard arguments [25] . 



Next, to show part (2), we see that since q ^ 00, then 

lim \\\V\'''=SJt)uo\\Ti rr =0. 

Then part (2) follows from standard fixed-point argument too. D 
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Using the similar arguments above, and in view of the conservation laws, it is not difficult to 
prove the following corollary for which we do not give the proof. 

Corollary 4.11 [H^ subcritical). Assume n > 2, ^rl^x < o" < 2 and uq is radial. Then for 
< p < ^, the IVP (I05|) is globally well-posed if uq G L^; and for ^ < p < ;^, the IVP 
()4.65p is locally well-posed (globally well-posed in the defocusing case) if uq £ H'^''^. 

Indeed, we can prove some other subtle well-posedness results. We can also go below L?, as 
long as a is close to 2. However, we do not pursue this. On the other hand, in the ff^^-critical 
case, we assumed uq G H'^" instead of uq E H^" as in the work of Cazenave and Weissler [3j. 
This makes the proof much simpler [22]. We will address this in our consequent works which 
will concern the large data scattering theory for ()4.65p . 
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